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Abstract
In [AFT17], Ayala, Francis and Tanaka introduced the notion of conically
smooth structure on stratified spaces. This is a very well behaved analog of a
differential structure in the context of manifold-stratified topological spaces,
satisfying good properties such as the existence of resolutions of singularities
and handlebody decompositions. In this paper we prove that any Whitney
stratified space admits a conically smooth structure, as conjectured by Ayala,
Francis and Tanaka themselves, thus establishing a connection between this
theory and the classical examples of stratified spaces from differential topology.
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In this introductory section we briefly review the definition of Whitney stratified
space and we recall the basic properties of conically stratified and conically
smooth spaces. By doing this, we will also introduce the necessary notations
to state our main result, conjectured in [AFT17, Conjecture 1.5.3].
1.1 Smooth stratifications of subsets of manifolds
(Thom, Mather)
We take the following definitions from [Mat70], with minimal changes made in
order to connect the classical terminology to the one used in [AFT17].
Definition 1.1. Let M be a smooth manifold. A smooth stratification of
a subset Z ⊂ M is a partition of Z into smooth submanifolds of M . More
generally, if M is a Cµ-manifold, then a Cµ stratification of a subset Z of M is
a partition of Z into Cµ submanifolds of M .
Remark 1.2. In particular, all strata of a smoothly stratified space Z ⊂M
are locally closed subspaces of Z.
Definition 1.3 (Whitney’s Condition B in Rn). Let X,Y be smooth sub-
manifolds of Rn, and let y ∈ Y be a point. The pair (X,Y ) is said to satisfy
Whitney’s Condition B at y if the following holds. Let (xi) ⊂ X be a
sequence converging to y, and (yi) ⊂ Y be another sequence converging to y.
Suppose that TxiX converges to some vector space τ in the r-Grassmannian
of Rn and that the lines xiyi converge to some line l in the 1-Grassmannian
(projective space) of Rn. Then l ⊂ τ .
Definition 1.4 (Whitney’s condition B). Let X,Y be smooth submanifolds
of a smooth n-dimensional manifold M , and y ∈ Y . The pair (X,Y ) is said
to satisfy Whitney’s Condition B at y if there exist a chart of M φ : U → Rn
around y such that (φ(U ∩X), φ(U ∩ Y )) satisfies Whitney’s Condition B at
φ(y).
Definition 1.5 (Whitney stratification). Let M be a smooth manifold of
dimension n. A smooth stratification (Z,S ) on a subset Z of M is said to
satisfy the Whitney conditions if
• (local finiteness) each point has a neighbourhood intersecting only a finite
number of strata;
• (condition of the frontier) if Y is a stratum of S , consider its closure Ȳ in
M . Then we require that (Ȳ \ Y )∩Z is a union of strata, or equivalently
that S ∈ S , S ∩ Ȳ 6= ∅⇒ S ⊂ Ȳ ;
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• (Whitney’s condition B) Any pair of strata of S satisfies Whitney’s
condition B when seen as smooth submanifolds of M .
Given two strata of a Whitney stratification X and Y , we say that X < Y
if X ⊂ Ȳ . This is a partial order on S .
1.2 Conical and conically smooth stratifications (Lurie,
Ayala-Francis-Tanaka)
Definition 1.6. Let P be a partially ordered set. The Alexandrov topology
on P is defined as follows. A subset U ⊂ P is open if it is closed upwards: if
p ≤ q and p ∈ U then q ∈ U .
With this definition, closed subsets are downward closed subsets and locally
closed subsets are “convex” subsets: p ≤ r ≤ q, p, q ∈ U ⇒ r ∈ U .
Definition 1.7 (Stratified space). A stratification on a topological space X is
a continuous map s : X → P where P is a poset endowed with the Alexandrov
topology. The fibers of the points p ∈ P are subspaces of X and are called the
strata. We denote the fiber at p by Xp and by S the collection of these strata.
In this definition we do not assume any smooth structure, neither on the
ambient space nor on the strata. Note that, by continuity of s, the strata are
locally closed subsets of X.
Note also that the condition of the frontier in Definition 1.5 implies that any
Whitney stratified space is stratified in the sense of Lurie’s definition: indeed,
one obtains a map towards the poset S defined by S < T ⇐⇒ S ⊂ T̄ , which
is easily seen to be continuous by the condition of the frontier.
Definition 1.8. A stratified map between stratified spaces (X,P, s) and
(Y,Q, t) is the datum of a continuous map f : X → Y and an order-preserving







Definition 1.9. Let (Z,P, s) be a stratified topological space. We define C(Z)
(as a set) as
Z × [0, 1)
{(z, 0) ∼ (z′, 0)} .
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Its topology and stratified structure are defined in [Lur17, Definition A.5.3].
When Z is compact, then the topology is the quotient topology. Note that the
stratification of C(Z) is over P /, the poset obtained by adding a new initial
element to P : the stratum over this new point is the vertex of the cone, and
the other strata are of the form X × (0, 1), where X is a stratum of Z.
Note 1.10. A very useful notion relative to stratified spaces (see for example
from [AFT17, Definition 2.4.4]) is the notion of depth of a stratified space
at a point. For example, let Z be an unstratified space of Lebesgue covering
dimension n. Then the depth of the cone C(Z) at the cone point is n+ 1.
Definition 1.11 ([Lur17, Definition A.5.5]). Let (X,P, s) be a stratified space,
p ∈ P , and x ∈ Xp. Let P>p = {q ∈ P | q > p}. A conical chart at x
is the datum of a stratified space (Z,P>p, t), an unstratified space Y , and a
P -stratified open embedding
Y × C(Z) X
P
whose image hits x. Here the stratification of Y × C(Z) is induced by the
stratification of C(Z), namely by the maps Y × C(Z) → C(Z) → P≥p → P
(see Definition 1.9).
A stratified space is conically stratified if it admits a covering by conical
charts.
More precisely, the conically stratified spaces we are interested in are the
so-called C0-stratified spaces defined in [AFT17, Definition 2.1.15]. Here we
recall the two important properties of a C0-stratified space (X, s : X → P ):
• every stratum Xp is a topological manifold;
• there is a basis of the topology of X formed by conical charts
Ri × C(Z)→ X
where Z is a compact C0-stratified space over the relevant P>p. Note that
Z will have depth strictly less than X; this observation will be useful in
order to make many inductive arguments work.
Hence the definition of [AFT17] may be interpreted as a possible analog of
the notion of topological manifold in the stratified setting: charts are continuous
maps which establish a stratified homeomorphism between a small open set of
the stratified space and some “basic” stratified set.
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Following this point of view, one may raise the question of finding an analog
of “smooth manifold” (or, more precisely, “smoothly differentiable structure”)
in the stratified setting. We refer to [AFT17, Definition 3.2.21] for the definition
of a conically smooth structure (and to the whole Section 3 there for a
complete understanding of the notion), which is a very satisfactory answer to
this question. A C0-stratified space together with a conically smooth structure
is called a conically smooth stratified space.
The definition of conically smooth structure is rather elaborate. As in
the case of C0-stratified spaces, here we just give a couple of important and
enlightening properties of these conically smooth stratified spaces:
• any conically smooth stratified space is a C0-stratified space;
• all strata have an induced structure of smooth manifold, like in the case
of Whitney stratifications;
• there is a notion of atlas, in the sense of a system of charts whose domains
are the so-called basics, i.e. stratified spaces of the form Ri × C(Z)
where Z is equipped with a conically smooth atlas: indeed, to make this
definition rigorous, the authors of [AFT17] employ an inductive argument
on the depth, where the case of depth equal to zero corresponds to the
usual notion of an atlas for a smooth manifold, and to pass to a successive
inductive step they observe that, whenever there is an open stratified
embedding Ri × C(Z) ↪→M , then depthZ < depthM .
This system admits a notion of “smooth” change of charts, in the sense
that charts centered at the same point admit a subchart which maps into
both of them in a “rigid” way. We recommend to look at the proof of
Theorem 2.7 for a more precise explanation of this property.
• the definition of conically smooth space is intrinsic, in the sense that it
does not depend on a given embedding of the topological space into some
smooth manifold, in contrast to the case of Whitney stratifications (see
Definition 1.1 and Definition 1.5);
• in [AFT17] the authors also introduced a notion of conically smooth
maps, which differs substantially from the “naive” requirement of being
stratified and smooth along each stratum that one has in the case of
Whitney stratifications, and hence define a category Strat of conically
smooth stratified spaces. In this setting, they are able to build up a
very elegant theory and prove many desirable results such as a functorial
resolution of singularities to smooth manifolds with corners and the
existence of tubular neighbourhoods of conically smooth submanifolds.
These results allow to equip Strat with a Kan-enrichment (and hence, a
structure of ∞-category); also, the hom-Kan complex of conically smooth
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maps between two conically smooth spaces has the “correct” homotopy
type (we refer to the introduction to [AFT17] for a more detailed and
precise discussion on this topic), allowing to define a notion of tangential
structure naturally extending the one of a smooth manifold and to give a
very simple description of the exit-path ∞-category of a conically smooth
stratified space.
Up to now, the theory of conically smooth spaces has perhaps been in need
of a good quantity of explicit examples, specially of topological nature. The
following conjecture goes in the direction of providing a very broad class of
examples coming from differential geometry and topology.
Conjecture 1.12 ([AFT17, Conjecture 1.5.3]). Let (M,S ) be a Whitney
stratified space. Then it admits a conically smooth structure in the sense of
[AFT17].
The rest of the paper is devoted to the proof of this conjecture (Theorem 2.7).
2 Whitney stratifications are conically smooth
2.1 Whitney stratifications are conical
We will need the following lemma, whose proof (to our knowledge) has never
been written down.
Lemma 2.1. Let (M,S ) be a Whitney stratified space, T a smooth unstratified
manifold, and let f : M → T be a proper map of topological spaces which is a
smooth submersion on the strata. Then for every p ∈ T the fiber of f at p has
a natural Whitney stratification inherited from M .
Proof. First of all, by definition of smoothly stratified space we may suppose
that M ⊂ S for some manifold S of dimension n. Again by definition the
problem is local, and we may then suppose M = Rn.
We want to prove Whitney’s condition B for any pair of strata of the form
X = X ′∩f−1(p) and Y = Y ′∩f−1(p), where X ′, Y ′ are strata of M and p ∈ T .
To this end, we reformulate the problem in the following way: consider the
product M × T with its structure maps π1 : M × T → M,π2 : M × T → T ,
and its naturally induced Whitney stratification. Consider also the following
two stratified subspaces of M × T : the graph Γf and the subspace π−12 (p).
Note that we can see Γf as a homeomorphic copy of M inside the product
(diffeomorphically on the strata). Having said that, the intersection Γf ∩π−12 (p)
is exactly the fiber f−1(p). Consider now strata X,Y in f−1(p) as above, seen
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as strata of Γf . Consider sequences xi ⊂ X, yi ⊂ Y both converging to some
y ∈ Y . Let li be the line between xi and yi, and suppose that li → l, TxiX → τ .
By compactness of the Grassmannians Gr(n, 1) and Gr(n,dimTxiX) (which is
independent of i), there exists a subsequence (xij ) such that TxijΓf |X′ converge
to some vector space V ⊃ τ . Since the stratification on M is Whitney, we
obtain that l ⊂ V . On the other hand, applying the same argument to π−12 (p)
(which is again stratified diffeomorphic to M via the map π1), we obtain that,
up to extracting another subsequence, Txij (π
−1
2 (p) ∩ π
−1
1 (X)) converges to
some W ⊃ τ . Again, since the stratification on M is Whitney, we obtain that
l ⊂W . Note that the lines li and l only depend on the points xi, yi and on the
embedding of M into some real vector space, and not on the subspace we are
working with.
Now we would like to show that τ = V ∩W , and this will follow from a
dimension argument that uses the fact that f |X is a smooth submersion onto
T .
Note that dim τ = dimTxiX for every i. Moreover, by the submersion
hypothesis, this equals dimX ′ − dimT . Also,
dimV = dimTxijΓf |X′ = dimX
′
and
dimW = dimTxij (π
−1
2 (p) ∩ π
−1
1 (X ′)) = dimX ′.
To compute dimV ∩W , it suffices to compute dim(V + W ), which by con-
vergence coincides with dim(TxijΓf |X′ + Txij (π
−1
2 (p) ∩ π
−1
1 (X ′))). Let Vj =
TxijΓf |X′ ,Wj = Txij (π
−1
2 (p) ∩ π
−1
1 (X ′))). We have a map of vector spaces
Vj ⊕Wj → TxijX
′ ⊕ Tf(xij )T
sending (v, w) 7→ (w − v,dfxij v). This map is surjective (since df is) and is
zero on the subspace {(v, v) | v ∈ Vj ∩Wj}; hence it induces a surjective map
Vj +Wj → TxijX
′ ⊕ Tf(xij )T.
It follows that
dim(TxijΓf |X′ + Txij (π
−1
2 (p) ∩ π1(X ′))) ≥ dimX ′ + dimT
and therefore
dimV ∩W = dimV + dimW − dim(V +W ) ≤ dimX ′ − dimT = dim τ.
Since τ ⊂ V ∩W the proof is complete.
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Lemma 2.2. Any open subset of a Whitney stratified manifold inherits a
natural Whitney stratification by restriction.
Proof. Unlike the previous lemma, this is just a direct verification allowed by
the fact that tangent spaces to open subsets of strata coincide with the tangent
spaces to the original strata. One can also apply the more general and very
useful argument appearing in [GWdPL76, (1.3),(1.4) and discussion below].
Lemma 2.3 (Thom’s first isotopy lemma, [Mat72, (8.1)]). Let f : X → Y be
a C2 mapping, and let A be a closed subset of X which admits a C2 Whitney
stratification S . Suppose f |A : A → Y is proper and that for each stratum
U of S , f |U : U → T is a submersion. Then f |A : A→ Y is a locally trivial
fibration.
We recommend the reading of Mather’s two papers [Mat70] and [Mat72] to
understand the behaviour of Whitney stratified spaces, specially in order to
understand the notion of tubular neighbourhood around a stratum, which is
the crucial one in order to prove our main result. We refer to [Mat70, Section
6] for a tractation of tubular neighbourhoods. Here we just recall the definition:
Definition 2.4. Let S be a manifold and X ⊂ M be a submanifold. A
tubular neighborhood T of X in M is a triple (E, ε, φ), where π : E → X is
a vector bundle with an inner product 〈, 〉, ε is a positive smooth function on
X, and φ is a diffeomorphism of Bε = {e ∈ E | 〈e, e〉 < ε(π(e))} onto an open





From [Mat72, Corollary 6.4] we obtain that any stratum W of a Whitney
stratified space (M,S ) has a tubular neighbourhood, which we denote by
(TW , εW ); the relationship with the previous notation is the following: TW is
φ(Bε) ∩M (recall that a priori φ(Bε) ⊂ S, the ambient manifold)1. We also
denote by ρ the tubular (or distance) function
TW → R≥0
v 7→ 〈v, v〉
with the notation as in Definition 2.4. Note that ρ(v) < ε(π(v)).
1Also, we usually identify this subspace of M with its preimage in the “abstract” tubular
neighbourhood Bε ⊂ E.
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Figure 1: Tubular neighbourhoods in (R2, (X, Y, Z)).
A final important feature of the tubular neighbourhoods of strata con-
structed in Mather’s proof is that they satisfy the so-called “control conditions”
or “commutation relations”. Namely, consider two strata X < Y of a Whitney
stratified spaceM . Then, if TX and TY are the tubular neighbourhoods relative
to X and Y as constructed by Mather, one has that
πY πX = πY
ρXπY = ρX .
We explain the situation with an example.
Example 2.5. Let M be the real plane R2 and S the stratification given by
X = {(0, 0)}
Y = {x = 0} \ {(0, 0)}
Z = M \ {x = 0}.
We take R2 itself as the ambient manifold. Then Mather’s construction of the
tubular neghbourhoods associated to the strata gives a result like in Fig. 1.
Here the circle is TX , and the circular segment is a portion of TY around a point
of Y . We can see here that TY is not a “rectangle” around the vertical line, as
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one could imagine at first thought, because the control conditions impose that
the distance of a point in TW from the origin of the plane is the same as the
distance of its “projection” to Y from the origin.
Keeping this example in mind (together with its upper-dimensional variants)
for the rest of the tractation may be a great help for the visualization of the
arguments used in our proofs.
Now we closely review the proof of [Mat72, Theorem 8.3], which is essential
for the next section. This review is also useful to fix some notations. Note
that we will use euclidean disks Dn (and not euclidean spaces Rn) as domains
of charts for smooth manifolds, because this will turn out to be useful in
Section 2.2 in order to define some “shrinking” maps in an explicit way.
Theorem 2.6 ([Mat72, Theorem 8.3]). Let M be a space endowed with a
Whitney stratification S . Then M is conically stratified, and its conical charts
are of the type Di × C(Z), where Di ⊂ Ri is the unit open disk, and Z is a
compact topological space endowed with a natural Whitney stratification.
Proof. Denote by πW : TW →W the projection, ρW : TW → R≥0 the tubular
function and εW : W → R>0 the "radius" function of TW . We examine closely
the proof of [Mat72, Theorem 8.3]. Choose a positive smooth function ε′ on
W such that ε′ < εW . Let N be the set
{x ∈ TW | ρW (x) ≤ ε′(πW (x))}.
Let also
A = {x ∈ TW | ρW (x) = ε′(πW (x))}
and f = πW |A : A→W . Note that f is a proper stratified submersion, since
πW is a proper stratified submersion and for any stratum S ofM the differential
of πW |S vanishes on the normal to A ∩ S. Hence by Lemma 2.1 the restriction
of the stratification of M to any fiber of f is again Whitney. Consider the
mapping









The space N \W inherits from M a Whitney stratification (see Lemma 2.2)
and, by [Mat70, Lemma 7.3 and above], the map g is a proper stratified
submersion. Thus, since A = g−1(W×{1}), by Lemma 2.3 one gets a stratified2
2With respect to the Whitney stratification induced on A, see Lemma 2.1.
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homeomorphism h fitting in the commuting triangle
N \W A× (0, 1]





Furthermore, since W = ρ−1(0) ⊆ N , h extends to a homeomorphism of pairs
(N,W ) (h,id)−−−→ (M(f),W ),
where M(f) is the mapping cylinder of f (we recall that f : A → W is the
projection (πW |A)).
If Di ⊂ Ri is the unit open disk, for any euclidean chart j : Di ↪→W , the
pullback of f along j becomes a projection Di × Z → Di. Note that Z is
compact by properness of f , and has an induced Whitney stratification being
a fiber of f , as we have noticed above. Finally,
M(f) 'M(Di × Z pr1−−→ Di) ' C(Z)×Di.
From now on the conical charts obtained through the procedure explained
in the previous theorem will be referred to as the Thom-Mather charts
associated to the Whitney stratified space M . The rest of this paper will be
devoted to prove that these charts constitute a conically smooth structure
(atlas) for M , as conjectured in [AFT17, Conjecture 1.5.3 (3)].
2.2 Whitney stratifications are conically smooth
We take all the definitions and notations from [AFT17], specially from Section
3. In particular, we recall that the definition of conically smooth structure is
given in [AFT17, Definition 3.2.21].
Let now (M,S ) be a Whitney stratified space. Given a chosen system
of tubular neighbourhoods around the strata along with their distance and
projection functions {ρX , πX}, we have an induced collection of Thom-Mather
charts associated to this choice. Call A this collection. We are now going to
prove that this is a conically smooth atlas in the sense of [AFT17, Definition
3.2.10]. We will then prove (Remark 2.9) that different choices of systems of
tubular neghbourhoods induce equivalent conically smooth atlases, again in
the sense of [AFT17, Definition 3.2.10].
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Theorem 2.7 (Main Theorem). If (M,S ) is a Whitney stratified space, then
the Thom-Mather charts exhibit a conically smooth structure on (M,S ).
Proof. The proof will proceed by induction on the depth of (M,S ) (see
Note 1.10). The case of depth 0 is obvious, since any Whitney stratified
space over a discrete poset is just a disconnected union of strata which are
smooth manifolds. Thus, we may assume that for any Whitney stratified set
(M ′,S ′) with depth(M ′,S ′) < depth(M,S ), the Thom-Mather charts induce
a conically smooth structure on (M ′,S ′).
Now we need to show that the Thom-Mather charts induce an atlas of
(M,S ) in the sense of [AFT17, Definition 3.2.10]. We know that the charts
cover the space M . By Theorem 2.6, a Thom-Mather chart is in particular
an open embedding of the form Di × C(Z) ↪→ M where Z has a Whitney
stratification S ′ and depth(Z,S ′) < depth(M,S ); thus, by the inductive
hypothesis, Z is conically smooth and this implies that the Thom-Mather chart
is a basic in the sense of [AFT17, Definition 3.2.4].
Hence it remains to prove that the “atlas” axiom is satisfied: that is, if
m ∈ M is a point, u : Ri × C(Z) → M and v : Rj × C(W ) → M are Thom-
Mather charts with images U and V , such that m ∈ U ∩ V , then there is a
commuting diagram
Dk × C(T ) Di × C(Z)





such that x ∈ Im(uf) = Im(vg) and that f and g are maps of basics in the
sense of [AFT17, Definition 3.2.4].
It is sufficient to consider strata X,Y such that X < Y (that is X is in the
closure of Y ) and m ∈ Y . In particular, X will have dimension strictly less
than Y . 3
In this setting, we may reduce to the case when u is a Thom-Mather
chart for X which also contains m ∈ Y and v is a Thom Mather chart for a
neighbourhood of M in Y , such that v−1(m) = (0, ∗) (∗ is the cone point).
Consider v−1(U ∩ Y ) as an open subset of Dj × ∗. This open subset contains
some closed ball of radius δ and dimension j centered at 0; denote it by Bδ ×∗.
Also, let ρY : V → R>0 be the “distance from Y ” function associated to the
Thom-Mather chart v, and let γ be a positive continuous function on Y (defined
at least locally around m) such that there is an inclusion
{n ∈ V | ρY (n) < γ(πY (n)), πY (n) ∈ U ∩ Y } ⊆ V ∩ U.
3One may use Example 2.5 as a guiding example, with m a point on {x = 0} \ {(0, 0)}.
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Let γ̄ be defined as follows. Let εY : V ∩ Y → R>0 be the radius function
asociated to the Thom-Mather chart v. Note that εY is equal to the function
y 7→ sup{ρY (n) | n ∈ V, πY (n) = y}
(“maximum radius function” for v). Then it makes sense to define
γ̄ = min
v(Bδ×∗)
(γ/εY ) > 0.
Now let us consider the self-embedding
Dj
i
↪−→ Bδ ⊂ Dj
where i is of the form (t1, . . . , tj) 7→ ( t1a1 , . . . ,
tj
aj
) (in such a way that m ∈
Im(v ◦ i)). We call
ψ : Dj × C(W )
i×(·γ̄)
↪−−−→ Dj × C(W ).
This construction is a way to “give conical parameters” for a sufficiently small
open subspace of v−1(U ∩ V ): the multiplication by γ̄ is the rescalation of the
cone coordinate, while i is the rescalation of the “euclidean” coordinate (i.e. the
one relative to the Dj component). By construction, m ∈ Im(v ◦ ψ) ⊆ U ∩ V .
In particular, the image is contained in U \X.
Lemma 2.8. The function ψ is a map of basics.
Proof. We prove that:
• ψ is conically smooth along Dj . Indeed, the map on the bottom row of
the diagram in [AFT17, Definition 3.1.4] takes the form
(0, 1)× Rj ×Dj × C(W )→ (0, 1)× Rj ×Dj × C(W )
























As one can see from the formula, this indeed extends to t = 0, and the
extension is called D̃ψ; the differential Dψ of ψ is the restriction of D̃ψ
to t = 0.
The same argument works for higher derivatives.
• Dψ is injective on vectors. This is an immediate verification using the
formula (2.2).
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• We have that Aψ−1((Dj×C(W ))\Dj) = ψ∗ψ−1((Dj×C(W ))\Dj)A(Dj×C(W ))\Dj .
This is proven by looking at the definition of ψ: charts are only rescaled
along the cone coordinate, or rescaled and translated in the unstratified
part.
Now consider the open subset Di × Z × (0, 1) ⊂ Di × C(Z). By [AFT17,
Lemma 3.2.9], basics form a basis for basics, and therefore we may find a map of
basics φ : Di′×C(Z ′) ↪→ Di×C(Z) whose image is contained in Di×Z× (0, 1).
Therefore we have a diagram
Di
′ × Z ′
Dj × C(W ) U \X
u′
v◦ψ
But now, depth(U \X) < depth(U) ≤ depth(M), and U \X with its natural
stratification as an open subset of M is Whitney by Lemma 2.2 (or also by
definition of Thom-Mather chart). Therefore, by induction we may find maps
of basics f ′, g′ sitting in the diagram
Dk × C(T ) Di′ × Z ′




Let us define f as the composition
Dk × C(T ) f
′
−→ Di′ × C(Z ′) φ−→ Di × C(Z)
and g as the composition
Dk × C(T ) g
′
−→ Dj × C(W ) ψ−→ Dj × C(W ).
Now
u ◦ f = u′ ◦ f ′ = v ◦ ψ ◦ g′ = v ◦ g.
Since φ, ψ, f ′, g′ are maps of basics, then also f and g are, and this completes
the proof.
Remark 2.9. By [Mat70, Proposition 6.1], different choices of Thom-Mather
charts induce equivalent conically smooth atlases in the sense of [AFT17, Defini-
tion 3.2.10]. Indeed, the construction of a Thom-Mather atlas A depends on the
References 15
choice of a tubular neighbourhood for each stratum X, along with its distance
and projection functions ρX , πX . Thus, let A,A′ be two conically smooth
atlases induced by different choices of a system of tubular neighbourhoods as
above. We want to prove that A ∪A′ is again an atlas. The nontrivial part of
the verification is the following. Let us fix two strata X < Y , and a point y ∈ Y ;
take φX a Thom-Mather chart associated to the A-tubular neighbourhood TX
of X, and that ψ′Y a Thom-Mather associated to the A′-tubular neighbourhood
T ′Y of Y . We want to verify the “atlas condition” (2.1); let TY be the A-tubular
neighbourhood of Y . Now by [Mat70, Proposition 6.1] there is an isotopy
between T ′Y and TY fixing Y . By pulling back ψ′Y to TY along this isotopy,
we obtain an A-Thom Mather chart ψY around y; we are now left with two
A-charts φX and ψY and we finally can apply the fact that A is an atlas.
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